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IINTRODUCTION AND SUI4I4ARY
T h i s  f h e s i c  c n n c e r n s  D h a s e  t r a n s i t i o n s .  P h a s t ,  t r a n s i L i o n s  o c c u r  i n  n a t u r c
i n  l a r g e  s y s t e n ) s  w h e r e  t h e  n u n b e r  o f  p a r t i c l e s  i s  o f  r h e  o r d e r  o f  1 0 2 3 .
H o w e v e r r i f  o n e  w a n t s  t o  d e s c r i b e  p h a s e  t r a n s i t i o n s  i n  a  m a E h e m a l i c a I  w a y
a s  e , g ,  t h e  o c c u r r e n c e  o f  s i n g u l a r i t i e s  i n  L l t e  m a g n e t i z a t i o n ,  s p e c i f i c
h e a t  a s  a  f u n c c i o n  o f  f o r  i n s t a n c e  t e m p e r a t u r e ,  c h e m i c a l  p o t e n t i a l  e t c .
one  mus t  cons ide r  i n f i n i t e l y  l a rge  sys tems .  I t  i s  we l l  kno r , r n  I l ]  t ha t  f o r
f i n i t e  s y s t e m s  a l l  t h e  t h e r m o d y n a m i c  o b s e r v a h f e s  a r e  a n a J y c i c  f u n c t i o n s  o f
f h o  o v r o Y n t l  n r r r m a l  a r c
l n  r i g o r o u s  s L a t i s t . i c a l  m e c h a n i c s  t h e r e  a r e  t w o  m a i  n  s L r a t e g i e s  E o
d i s c u s s  i n f i n j t e  s y s t c m s :  T h e  f i r s t  i s  t o  c o n s i d e r  a  f i n j t e  s y s t e m  w i r h  N
p a r t i c L e s  i n  a  b o x  w i t h  v o l u m e  V .  W e  a r e  a b l e  t o  c a l c u L a t e  i n  p r i n c i p l e  a l L
t h e q u a n t i t i e s i n  w h i c l r  w e  a r e  i n t e r e s t e d ,  b y  m e a n s  o f  L h e  G i b b s  e n s e m b l e .
O n c e t h i s  i s C o n e w e  t a k e  t h e  t h e r m o d y n a m i c  l i m i t :  t h e  l i m i t  s u c h  t h a t N  i n c r e a s e s
ra i t hou t  bound  wh i l e  N /V  =  p  i s  kep t  f i xed .  Th i s  s t r a tegy  was  used  f o r
i n s t a n c e  h v O n s a r ' e r  f 2 l  t o  c a l c u l a t e  L h e  m e a n  f r e e  e n e r g v  D L r  s D i n  o f  f h o  t \ . v o -
d imens iona l  squa re  I s i ng  mode l  and  by  Kac ,  Uh lenbeck  and  Hemrne r  [ 3 ]  i n
t he i r  t r ea tmen t  o f  t he  Van  de r  L l aa l s  gas .  The  second  s t r a tegy  i s  t o  con -
s i d e r  i n f i n i t e  s y s t e m s  f r o m  t h e  b e g i n n i n g ,  U s i n g  a n  e q u i l i b r i u m  c o n d i L i o n ,
f o r  i n s r a n c e  t h e  I O 1 S  c ^ . . l i f i ^ .  i r  ; "  . ^ - ^ g i m e s  p o s s i b l e  t o  o b t a i n  t h e
lhe rmodynam ic  pLope r t i es  o f  t he  i n f i n i t e  sys tem.  I n  t h i s  t hes i s  we  w i l l
^ - - 1 . ,  F L ^  t :  - ^ F  ^ + * ^ + ^a P P r y  L r r c  r  r r s L  s L r a L e g y .
I n  g e n e r a l  t h e r e  a r e  o n l y  a  v e r y  f e w  m o d e l s  o f  w h j c h  t h e  t h e r m o d y n a m -
i c  p rope rE ies  a re  knoum exp l i c i t l y ,  Th i s  i s  because  t he  pa r t i t i on  f unc -
t i on  i s  an  N - fo l d  i n reg ra l  ( o r  a  t r ace )  ove r  t he  vo lume ,  wh i ch  can  be
eva lua ted  on l y  i f  Ehe  con f i gu ra t i on  space  and /o r  t he  i n t e rac t i on  be tween
r h e  n a r t  i c l e s  h a v e  A  i - - '  * :  ^ '  f o r m .  A l l  t l r e  m o d e l s  i n  t h i s  t l r e s5 I " ' P  r  u
t r ave  ce r t a i n  (ma thema t i ca l )  p rope r t i es  vh i ch  make  t hem so l vab le  bu t  some-
w h a t  a r E i f i c i a l  f r o m  a  p h y s i c a l  p o i n t  o f  v i e u w .
T l r e  c h a p t e r s  a r e  s u n r m a r i z e d  a s  f o l l o w s :  J n  c h a p L e r  L w o  w e  c a l c u l a L e  t
^ ^ , , ^ r i  ^ -  ^ r  - r  - r ^  f ^ r  r  n n o - r i i - o . . i ^ ' r " 1  o r e  n f  n ^ n - i ' r r o . a c r i n o  ( f  r a F )  h , r c .c Y u o L L  1 1 1 6  \ r
i n  a n  e x L e r n a l  p o L e n t i a l .  T h i s  i s  d o n e  u s i n g  t h e  L K B - a p p r o x i m a t i o n .  I t
t u r n s  o u t  t h a L  t h e  t h e r m o d y n a m i c  I i m j L  e x i s L s  j n  l  n o n - t r i v i a l  w a y  i f  t h e
e x t e r n a l  n o f e n f i a l  i s  o f  t h e  f o r m  c ( * ) o ;  
" l ' u r n  
L  i s  t h e  v o l u m e  o f  L l r e  s y s t
L
and  c  and  o  a re  pos i t i ve  cons tan t s .  The  c r i t i ca l  behav iou r  i n  t he  t he rmo-
i . . ^ ^ * : ^  1 i - : F  j ^  . r . ^ r  o f  3  f r c e  h o s o n  s a - . . i p r . . . . L  ^  : ^ I  a n d  w i L I ru y r . u . . , ,  6 ! 1 5  w L  P U r E r r L r d
d imer - r s i on  |  +  2 /o " .  S i nce  t he re  i s  a  c r i t i ca l  be t i av i ou r  f o r  a  f r ee  boson  g :
i f  d  >  2  we  have  c r i t i ca l  behav iou r  i n  one  d imens ion  i f  0  <  cx  <  2 ,  The
r e a s o n  t h a f  w e  a r e  a b l e  t o  d e a l  w j L h  t h i s  s y s t e m  i s  t l r a t  t h e  g r a n d  c a n o n i ,
p a r t i t i o n  f u n c L i o n  d e p e n d s  o n  c h e  e i g e n v a l u e s  o f  t l r e  s i n g l e - p a r L i c l e  l r u m i l
i n n  i  e n  n n l  r r  c i  n n o  t h o  . e  r r  i  n  I  o c  r r a  n n n
. . . . J .  _  . . . . . - r n c e r a c f l n g .
T n  c h a p t e r  t h r e e  \ , r e  e s t i m a t e  t h e  G r e e n t s  f u n c t i o n  o f  t h e  o n e - p a r t i c l €
d i f  f us i on  equac ion  w i t h  a  po tenc ia l .  The  ma in  t e r rn  i s  t he  I IKB  con t r i b r . r t i o r
The  co r rec t i on  ce rms  have  been  ob ta i ned  by  W iene r  t echn iques .  The  resu l t s
I h i q  c h e n r e r  A r p  r t r ^ r t i r e d  f o r  a  r i p r r r o r r s  d i q c r r s s i o n  o f  I l r c  n h a s e  t r a n s i f j ,
announced  i n  chap te r  two ,
I n  chap te r  f ou r  we  cons ide r  t he  d -d imens iona l  ex tens ion  o f  chap te r
t w o .  U s i n g  t h e  r e s u l t s  o f  c h a p t e r  ! h r e e  w e  p r o v e  t h a f  t h e  h I X B  a p p r o x i m a t i t
n r ( ) v i d e s  t h t r  e x a c r  r e s u l t .  I n  a d d i t i o n  t o  t h i s  w e  d e r i v e  t h e  b a r o m e t r i c
f o r m u l a .  D u e  E o  t h e  s p e c i a l  b e h a v i o u r  o f  L h e  l o w e s t  e i g e n v a l u e s  o f  t h e
one -pa r t i c l e  ham i l t on i an  we  f i nd  t ha t  i n  two  d imens ions  t he  condensa te  ha
a  d i f f e r e n t  s t r u c t u r e  L h a n  i n  t h e  o n e ,  t h r e e , . . . ,  - d i m e n s i o n a l  c a s e s .
I n  chap te r  f i ve  we  ca l cu l a te  t he  equa t i on  o f  s t a te  f o r  a  r node l  o f
a  n e u t r a l  s y s t e m  w h i c h  c o n s i s E s  o f  a n  e q u a l  n u m b e r  o f  p o s i t i v e  a n d  n e g a t i
4
c h a r g e s .  l h e  p a i r  i n t e r a c t i o n  e n e r g y  d e p e n d s  o n  t h e  r e l r t i v e  s i g n  o f  t h e
p a r t i c l e s  a n d  v a r i e s  a s  a  s q u a r e  p o w e r  o f  t l r e  d i s L a n c e .  T h e  e q u a t i o n  o f
s t a te  i n  t he  t he rmodynam ic  l im i t  i s  t ha t  o f  an  i dea l  gas .  So  t he re  i s  no
^ L ^ ^ ^  + - ^ ^ ^ i + ; ^ ^
P ' r o D c  L r d ' r 5 r L ! \ ' r r ,
l n  chap te r  s i x  we  ex tend  t o  wo rk  o f  Takahash i  [ 4 ]  and  f a l k  [ 5 ]  on  t he
c l a s s i c a l  l i n e a r  c h a i n  t o  a  g e n e r a L  n e a r e s L  n e i g h b o u r  i n L e r a c L i \ ) n  w i t h . l
va r i e t y  o f  bounda ry  cond i t i ons .  Bo rh  t he  con f i gu ra t i on  space  and  t he  ham i l -
t o n i a n  h a v e  a  s i r n p l e  f o r m  i n  t h i s  m o d e l ,  A  p h a s e  t r a n s i L i o n  o c c u r s  i n  t h e
the rmodynam ic  l im i t  o f  t he  i n t e rac t i on  be t r veen  nea res t  ne ighbou rs  i s  su f -
f i c i en t  a t t r ac t i ve  a t ' r d  t he  bounda ry  cond i t i ons  a re  p rope r l y  c l . r oosen .
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